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We prove that if a , a , . . . , a are real numbers, then0 1 n
n n1 1p p
a q a cos kx dx q cos kx dx .  .H H 0 k2 20 0ks1 ks1
i1
G min a , nq 1yk /i1FiFnq1 ks1
with equality holding if and only if a s a s ??? s a G 0. This inequality refines0 1 n
a result of L. Fejes. Q 1997 Academic Press
w xIn 1939, L. Fejes 1 presented an elegant short proof for an integral
inequality involving cosine polynomials. His result says that if
np
1r2 a q a cos kx dx .  .H 0 k
0 ks1Q a , a , . . . , a s , .0 1 n np
1r2 q cos kx dx .H
0 ks1
where a , a , . . . , a are real numbers, then0 1 n
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 .Obviously, inequality 1 is only useful if the coefficients a , a , . . . , a are0 1 n
 .positive. Hence, it is natural to look for a positive bound for Q a , . . . , a ,0 n
which is even valid if the a 's have different signs. In this note we showi
w xthat, by some modifications in the reasoning of 1 , we can replace the
 . i .bound min a by min 1ri  a . Since0 F iF n i 1F iF nq1 ks1 nq1yk
i1
min a G min a , nq1yk i /i1FiFnq1 0FiFnks1
with equality holding if and only if min a s a , this leads to a0 F iF n i n
 .refinement of 1 in the case of positive coefficients, and provides a
 .non-trivial lower bound for Q a , . . . , a , if the real numbers a , . . . , a0 n 0 n
satisfy min i a ) 0.1F iF nq1 ks1 nq1yk
THEOREM. For all real numbers a , a , . . . , a we ha¨e0 1 n
i1
Q a , . . . , a G min a . 2 .  .0 n nq1yk /i1FiFnq1 ks1
 .The sign of equality holds in 2 if and only if a s ??? s a G 0.0 n
 .Proof. It suffices to establish that inequality 2 is strict, if the numbers
 4a , . . . , a are not all equal. We define for k g 0, . . . , n ,0 n
p 1
p s cos kx sgn sin n q x dx. .Hk  / / /20
< <  .  .Using the inequality u G u sgn ¨ u, ¨ g R , we get
np 1
a q a cos kx dx .H 0 k20 ks1
np 1 1
G a q a cos kx sgn sin n q x dx .H 0 k  / / / /2 20 ks1
n1
s p a q p a . 3 .0 0 k k2 ks1
Since
`4 sin 2 i q 1 y . .
sgn sin y s y g R .  . . 
p 2 i q 1is0
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 w x.see 2, p. 386 , we obtain
`p4 sin 2 i q 1 n q 1r2 x .  . .
p s cos kx dx . Hk p 2 i q 10 is0
` p4 1
s cos kx sin 2 i q 1 n q 1r2 x dx .  .  . . H
p 2 i q 1 0is0
`4n q 2 1
s , 2 2p 2 i q 1 n q 1r2 y k .  .is0
which implies
0 - p - p - ??? - p . 4 .0 1 n
We set
i1
A s a 1 F i F n q 1 and a s min A ; .i nq1yk ii 1FiFnq1ks1
then we have
n n1 1
p a q p a s a p q p 0 0 i i 0 i /2 2is1 is1
1
q p n q 1 A y a q n A y a .  .  .0 nq1 n2
n
q n q 1 y i p y p A y a . 5 .  .  .  . i iy1 nq1yi
is1
By assumption, the numbers a , . . . , a are not all equal. This implies that0 n
 4there exists an integer j g 0, . . . , n such that
A y a ) 0. 6 .nq1yj
 .  .  .From 4 , 5 , and 6 we obtain
n n1 1
p a q p a ) a p q p , 7 . 0 0 i i 0 i /2 2is1 is1
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 .  .so that 3 and 7 lead to
n np 1 1
a q a cos kx dx ) a p q p . 8 .  . H 0 k 0 i /2 20 ks1 is1
n  .  . .  .Since 1r2 q  cos kx s sin n q 1r2 x r2 sin xr2 , we haveks1
np 1
q cos kx dx .H 20 ks1
np 1 1
s q cos kx sgn sin n q x dx .H  / / / /2 20 ks1
n1
s p q p . 9 .0 k2 ks1
 .  .  .From 8 and 9 we get inequality 2 with ) instead of G .
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